The existence of ghost condensates of dimension two in the Landau gauge is analysed in pure SU (N ) Yang-Mills theories by combining the local composite operators technique with the algebraic BRST renormalization.
Introduction
The understanding of the nonperturbative effects which govern the infrared behavior of Yang-Mills theory is one of the most challenging issues in quantum field theory. Lattice results have provided evidences of the fact that the infrared regime of the theory is very different from the ultraviolet one, as expected by the asymptotic freedom. Simulations of the gluon propagator in the Landau gauge [1] and in the maximal Abelian gauge [2] display an infrared behavior compatible with the existence of a mass gap. Attempts to explain this behavior in the continuum have been given by taking into account Gribov's ambiguities and by using the Schwinger-Dyson equations, see for instance refs. [3, 4] for recent work on the subject. Nonperturbative effects are also at the origin of the existence of the quark condensate, responsible for the spontaneous breaking of the chiral symmetry, and of the pure gluon condensate αF 2 . Recently, much effort has been devoted to the study of condensates of dimension two built up with gauge fields and Faddeev-Popov ghosts. For instance, the gauge condensate A 2 has a physical meaning in the Landau gauge, being in fact gauge invariant. An effective potential for this condensate has been obtained in [6] by using the local composite operators (LCO) technique [7, 8] . This result shows that the vacuum of pure Yang-Mills theory favors a nonvanishing value of this condensate, which gives rise to a mass term for the gluons while contributing to the dimension four condensate αF 2 through the trace anomaly. The condensate A 2 turns out to have a topological meaning, being argued to be suitable for detecting the presence of monopole configurations [9] . A discussion of A 2 in the context of the operator product expansion and its relevance for lattice QCD may be found in [10] .
In addition to A 2 , the ghost-antighost condensates cc , cc and cc have also received great attention [11, 12, 13, 14] in the context of the maximal Abelian gauge. This gauge, introduced in [5, 15] , has provided evidences for monopoles condensation as well as for the Abelian dominance hypothesis [5, 16] , which are key ingredients for the dual superconductivity mechanism of color confinement [17, 5] . An important point to be noted here is that the maximal Abelian gauge is nonlinear. As a consequence, a quartic ghost interaction term must be necessarily included for renormalizability [18, 19] . This interaction term gives rise to a nontrivial vacuum, corresponding to the existence of the aforementioned ghost condensates. These condensates display rather interesting features. They modify the behavior of the ghost propagator in the infrared region [11, 12, 13] and lower the vacuum energy density, being interpreted as a low-energy manifestation of the trace anomaly [11, 12] . In particular, as shown in [13] , the condensates cc and cc lead to the dynamical symmetry breaking of the ghost number symmetry. Furthermore, cc is believed to be part of a more general two-dimensional condensate, namely 1 2 AA − ξ cc , where ξ denotes the gauge parameter of the maximal Abelian gauge. This condensate has been proposed in [20] due to its BRST invariance and it is expected to provide effective masses for both offdiagonal gauge and ghost fields [20, 14] , thus playing a very important role for the Abelian dominance. It is worth remarking that the ghost condensates do not show up only in the maximal Abelian gauge, being present indeed in other nonlinear gauges [21] .
The aim of this work is to continue the analysis of the condensates cc and cc , by discussing their existence in the Landau gauge. Although in this gauge there is no quartic ghost interaction, the ghost condensates can be studied by means of the LCO technique, as improved by [7, 8] . In particular, we shall be able to establish that cc and cc do indeed exist in the Landau gauge. This result together with that of [21] may signal a deeper physical meaning of these condensates, which turn out to be gauge independent.
The LCO formalism allows to obtain in a consistent way the effective potential for local composite operators. The method consists of introducing in the starting action the set of local composite operators to be studied coupled to suitable external sources. However, one has to be sure that all needed counterterms have been included. This requires the introduction of counterterms quadratic in the external sources. As shown in [7, 8] , these quadratic terms can be dealt with by introducing a Hubbard-Stratonovich transformation allowing to obtain a renormalizable effective potential which is linear in the external sources, being thus compatible with the density energy interpretation of the effective potential. The method has already been successfully applied to the Gross-Neveu model [7] and to the λφ 4 and Coleman-Weinberg models [8] . In the latter case, a manifest gauge invariant two-loop effective potential has been obtained, according to the Nielsen identities.
In the present work we shall underline that the LCO technique can be combined with the BRST algebraic renormalization [22] in order to obtain all needed counterterms. The algebraic renormalization allows indeed to write down a suitable set of Ward identities which determine, to all orders of perturbation theory, the most general counterterm depending on the fields and external sources needed for the renormalizability of a given set of local composite operators.
The paper is organized as follows. In Sect.2 we give a brief review of the LCO technique in the case of the gauge condensate A 2 for Yang-Mills in the Landau gauge. This example will allow us to show how the algebraic renormalization can be combined with the LCO method to provide powerful Ward identities which characterize the most general counterterm in the external sources needed for the renormalizability of A 2 . Sect.3 is devoted to the analysis of the effective potential for the ghost condensates cc and cc . In Sect.4 we present the conclusions. . µa we introduce it in the starting action by means of an external source j(x) of ghost number zero and dimension two [6] , namely
where
and
As it is well known, the gauge fixed action (S YM + S gf ) is left invariant by the BRST nilpotent transformations
However, before starting the computation, one has to be sure that the action (1) contains all needed counterterms. In other words we have to start with the most general action compatible with the invariances of the model and with the power-counting. Observe also that expression (1) with the inclusion of the coupling jA 2 is renormalizable by power-counting. The search for the most general action is easily handled by using the algebraic renormalization [22] . This will be the task of the next section.
BRST characterization of the most general counterterm
In order to characterize the most general action, including all needed counterterms, we proceed by introducing a BRST doublet [22, 23] of external sources (j(x), λ(x)), according to
where λ is an external source of dimension one and ghost number -1.
It is apparent then that the quantity
is BRST invariant. The meaning of the external source λ(x) is also clear; it defines the composite operator A a µ ∂ µ c a which is the BRST variation of A 2 /2. Observe also that the BRST invariance and the power-counting naturally allow for the term j 2 = s(λj). According now to [6, 7, 8] , the parameter ς will be fixed by demanding that it depends on the gauge coupling, namely ς = ς(g). The dependence of ς from g can be computed order by order in the loop expansion
and is obtained from the renormalization group equations [6, 7, 8] . This is a highly nontrivial requirement, which enables the LCO technique to capture nonperturbative effects [6, 7, 8] . It is also worth mentioning that, to some extent, this point shares close similarity with the so called reduction of the couplings introduced in [24] . In particular, the lowest order coefficient ς 0 plays a fundamental role in order to obtain a nontrivial vacuum configuration for A 2 . In fact, as shown in [6] , this coefficient is scheme independent 1 and carries nonperturbative information, allowing for a nonvanishing value of A 2 . Let us turn now to write down the Ward identities which will ensure the renormalizability of the model. We begin by observing that the action (S YM + S gf + S LCO ) is invariant under the BRST transformations (4) , (5)
Introducing also the external BRST invariant sources Ω 
it turns out that the complete action
obeys the following identities [22] • the Slavnov-Taylor identity
• the Landau gauge condition and the antighost equation
• the linearly broken integrated ghost equation Ward identity
where ∆ a cl is the classical breaking
We underline that the ghost equation Ward identity (13) is an important feature of the Landau gauge, which has allowed for a complete algebraic proof of several nonrenormalization results [25] .
Let us now look at the most general counterterm depending on the external sources (j, λ) . Taking into account that (j, λ) form a BRST doublet, it turns out that the most general expression depending on (j, λ) with ghost number zero and dimension four is
However, a 3 = 0 due to the Landau ghost equation Ward identity (13) and to the gauge fixing condition and antighost equation (12) . Thus
which has precisely the same form as S LCO . The coefficient a 1 is related to the renormalization of the source j and therefore to the renormalization of the local operator A 2 . The coefficient a 2 can be associated to a renormalization of the parameter ς. Its physical meaning is that of taking into account the divergences which appear in the correlator A 2 (x)A 2 (y) [6] . Finally we observe that, as expected by BRST invariance, the renormalization of the operator A a µ ∂ µ c a is related to that of A 2 . Having characterized the most general local counterterm depending on the external sources (j, λ), we are now ready to evaluate the one-loop effective potential for the condensate A 2 .
The effective potential for A 2
The first step in order to study the condensate A 2 is to analyse the generating functional W(j). Setting thus to zero the external sources Ω a µ , L a , λ, we have
where [Dϕ] denotes integration over all quantum fields (A a µ , b a , c a , c a ). Taking the functional derivative of expression (17) we obtain
In order to deal with the term j 2 we follow [6] , introducing a HubbardStratonovich field σ so that
As a consequence, for the functional generator W(j) we get
with
In particular,
This is a very remarkable identity [6] , stating that the condensate A 2 is related to the nonvanishing expectation value of σ evaluated with the new action S(A, σ). Let us proceed thus with the computation of the effective potential for σ. We shall limit here to the one-loop order, which already displays all the nonperturbative features of the LCO technique.
Evaluation of the one-loop effective potential
In order to compute the effective potential for σ at the one-loop order only the quadratic part of the action S(A, σ) is relevant, namely
where σ is now a constant field and the limit α → 0 has to be taken at the end in order to implement the Landau gauge. For the one-loop effective potential we have
From
we have
Recalling that
it follows
Use of the dimensional regularization
(31) and of the minimal subtraction give for the one-loop effective potential the final expression
Let us look at the ground state. From
for the nontrivial minimum we get
which is meaningful for positive values of ς. Also, for the effective gluon masses we get
Let us now proceed with the evaluation of the first term of the series (7) . To this purpose we shall first impose the normalization condition at the scale M
so that we get the following expression for the one-loop effective potential
where the presence of the loop expansion parameterh has been made explicit. The value of ς 0 is thus obtained by requiring the independence of
To work out this condition we need to know the running of the field σ. This is easily achieved with the help of the relation between σ and A 2 /2 of eq.
A simple calculation gives
where γ
A 2 is the one-loop order anomalous dimension of the local operator A 2 and, since ς = ς(g),
From eq.(38) it follows that
(1)
from which one sees that ς 0 is scheme independent. The explicit value of γ
has been obtained in [6] and turns out to be γ (1)
Therefore, recalling that
for ς 0 one gets
(
in complete agreement with [6] . This expression displays the nonperturbative features of the LCO method [6] , emphasized by the presence in eq.(45) of the factor 1/ (g 2 N) .
The ghost condensates
Having given a brief summary of the LCO technique for the evaluation of A 2 , let us turn to the study of the ghost condensates corresponding to the local composite operators 
These operators carry ghost number 2 and −2 respectively. Therefore the existence of nonvanishing condensates f abc c b c c and f abc c b c c will have the meaning of a dynamical breaking of the ghost number. Also, it should be observed that both operators f abc c b c c and f abc c b c c transform in the adjoint representation of the gauge group. A nonvanishing vacuum expectation value of these operators will imply a dynamical breaking of SU(N), giving rise indeed to a breaking mechanism in the adjoint. All these features are present in the nonlinear gauges considered in [13, 21] .
Following now the LCO procedure, we first introduce the two operators Notice also that the sources (τ a , η a ) form a BRST doublet. Moreover, according to the algebraic renormalization, the BRST invariant source L a is needed to define the nonlinear variation of the ghost c a , which is gf abc c b c c /2. In the present case, the BRST invariant part of the action depending on the external sources (L a , τ a , η a ) reads
where, as before, ς is a dimensionless parameter which will be fixed later on by demanding the compatibility with the renormalization group equations. Notice also that the presence of the term τ a L a is allowed by the power counting. For the complete action Σ we have now
It turns out that Σ is constrained by the following identities:
• the Slavnov-Taylor identity
Notice that both the Landau gauge condition and the antighost equation gets modified by terms which are linear in the quantum fields, representing therefore classical breakings.
• the modified linearly broken integrated ghost equation Ward identity
Repeating now the same procedure as before, it is not difficult to prove that the complete action Σ is stable with respect to radiative corrections. In other words Σ is the most general action compatible with the Ward identities defining the model, up to a multiplicative renormalization of the fields, sources, the gauge coupling g and the parameter ς.
In order to deal with the quadratic term τ a L a we introduce a pair of HubbardStratonovich fields (σ a , σ a ) in the adjoint representation
With the introduction of the auxiliary fields (σ a , σ a ), the generating func-
As in the case of the gauge condensate A 2 , differentiating W(L, τ ) with respect to L and τ, one obtains
We see that the ghost condensates are related to the nonvanishing vacuum expectation value of σ a , σ a evaluated with the effective action S(A, σ, σ) of equation (64) . Let us proceed thus with the evaluation of the one-loop effective potential for σ a , σ a . To this order it is sufficient to consider only the terms of the action (64) which depend quadratically on the ghost fields c a , c a , namely
For the one-loop effective potential we get
where σ a , σ a have to be considered constant fields. Let us focus on the case of SU (2) . In that case f abc = ε abc (ε 123 = 1), and M ab is a 6 × 6 matrix. After a straightforward computation one has
and making use of the minimal subtraction scheme, the effective potential is found to be
The minimum of the effective potential (72) is given by the condition
which is physically consistent for ς > 0. Setting
for the vacuum configuration we obtain
where β and β are global parameters carrying ghost number 2 and −2, with ββ = 1. Of course, the existence of the nontrivial minimum (75) means that the local operators ε 3bc c b c c , ε 3bc c a c b acquire a nonvanishing vacuum expectation value. Furthermore, being Faddeev-Popov charged, they imply that the ghost number symmetry is dynamically broken [13] . Observe also that the vacuum configuration (75) leaves unbroken the Cartan subgroup U(1) of SU (2), in complete analogy with the case of the nonlinear gauges considered in [13, 21] . Let us proceed now to estimate ς. Making use of the equation (74) and imposing the normalization condition at the scale M
for the effective potential V eff (σ, σ) we obtain
Proceeding now as in the case of the gauge condensate A 2 , the lowest order value of ς is found to be
Thus, for the final expression of the effective one-loop potential one finds
It is worth observing that the value of ς in eq. (78) is precisely that already found originally in [11] in the maximal Abelian gauge. This point is of particular interest, meaning that the ghost condensates are in fact gauge independent. The value (78) obtained for ς 0 follows from a set of remarkable properties of the Landau gauge which deserve further comments. These are:
• The vanishing of the anomalous dimension, to all orders of perturbation theory, of the local operators c 2 . This result is a consequence of the Landau ghost equation (55) which forbids [25, 22] any counterterm of the type Lc 2 . The anomalous dimension of c 2 vanishes as well. This follows from the antighost Ward identity (54) and from the Landau gauge condition (53).
• As one can see from the expression (49), the LCO parameter ς is related to the correlator c 2 (x)c 2 (y) . At the one-loop order, this correlator is logarithmic divergent. However, at two loops it is finite due to the well known nonrenormalization properties of the ghost-antighost-gluon vertex and to the factorization of the ghost momentum stemming from the transversality of the Landau propagator [26, 25, 22] .
• Also, the fact that the value obtained for ς 0 is the same as that found in [11] follows by observing that at one-loop level the effective lagrangians for the evaluation of the potential V eff are essentially the same, up to rescalings of the fields. In addition, we observe that the four ghost selfinteraction present in the maximal Abelian gauge affects the correlator c 2 (x)c 2 (y) only at three loops.
Introducing now the scale Λ QCD
dimensional transmutation takes place. For the minimum configuration of V eff (σ, σ) in eq.(79) and for the vacuum energy density we obtain
Finally, let us give the ghost propagators in the condensed vacuum, namely
One see thus that the off-diagonal propagators get deeply modified in the infrared region, the ghost condensation σ min σ min providing the infrared cutoff.
Conclusion
In this work the existence of the ghost condensates cc and cc has been analysed in the Landau gauge by means of the local composite operators (LCO) technique. Our results might signal a deeper physical meaning of these condensates, which have been proven to exist in other gauges [13, 21] . Being Faddeev-Popov charged, these condensates lead to a dynamical symmetry breaking of the ghost number. Furthermore, the vacuum configuration leaves unbroken the Cartan subgroup of the gauge group, a feature also present in the case of the nonlinear gauges considered in [13, 21] . The existence of nonvanishing ghost condensates in the Landau gauge can be justified by symmetry breaking considerations. Although the Landau gauge does not possess a quartic ghost self-interaction, it shares an important feature with the nonlinear gauge considered in [21] . Both gauges display indeed a global SL(2, R) symmetry [27] , present in SU(N) Yang-Mills for any value of N. The diagonal generator of SL(2, R) is the ghost number. It is very interesting to point out that the SL(2, R) symmetry is also present in the maximal Abelian gauge in the case of SU (2), as underlined by [11] .Recent investigations indicate that SL(2, R) is indeed present in this gauge for a generic SU(N) [28] . Therefore, the existence of ghost condensates in these gauges could be seen as the manifestation of a very general feature, i.e. the dynamical symmetry breaking of SL(2, R).
As one can see from the expressions (82), the ghost condensates modify the behavior of the propagator in the infrared region. Recent lattice simulations for the gauge propagator in the Landau gauge are nicely reproduced by a form factor F (p 2 ) whose infrared behavior is given by [1] µa Although a fully theoretical analytic derivation of this behavior is still lacking, it is tempting to argue that both the gauge A 2 and the ghost condensates cc , cc could give some useful insights in order to improve our knowledge of the infrared region. Needless to say, the gauge and the ghost propagators mix nontrivially in the Schwinger-Dyson equations for the Landau gauge.
Finally, we point out that the LCO technique can be combined with the BRST algebraic renormalization to provide a powerful framework for analysing the quantum properties of local composite operators. Particular attention will be devoted to the condensate 1 2 AA − ξ cc in the maximal Abelian gauge [28] . This condensate is gauge invariant and it is expected to provide effective masses for both off-diagonal gauge and ghost fields [20, 14] , a point of great relevance for the Abelian dominance.
